In these notes we introduce briefly the fundamentals of the replica method in the context of liquid theory and the structural glass problem. In particular, we explain and show its usefulness as a computation framework in the context of the Random First Order Transition (RFOT) theory of the glass transition, whose defining points the reader is assumed to know. We shall give the intuitive idea of how and why the replica method is suitable for the description of the glass transition (the dynamical glass transition in particular) in real liquids, and then show how it can be used to make explicit computations and predictions that can be compared to experiments and numerical simulations.
I. THE REPLICA METHOD A. The problem
Let us consider a ferromagnetic Curie-Weiss model, whose Hamiltonian is
with the usual definition for the magnetization m,
It is well known that under a certain temperature T c , the model exhibits a phase transition from a paramagnetic, ergodic phase to a ferromagnetic phase wherein ergodicity is broken. The free energy f (m) for the model, as the system is cooled below T c , is shown in figure 1 . We can see that above T c the free energy has a single paramagnetic minimum with zero magnetization. Below T c , the free energy develops two degenerate ferromagnetic minima with opposite, nonzero magnetizations, which are linked by the spin-reversal symmetry of the Hamiltonian (1) σ → −σ.
Despite the fact that the two minima are linked by the symmetry, it is evident that once one of them has been chosen, the equilibrium state of the system is itself non-symmetric. This is the quintessential example of spontaneous symmetry breaking. Using a terminology taken from the theory of disordered systems, we will refer to those minima of the free energy as "states". Each state is labeled by the value of the magnetization in the corresponding minimum, which is given by stationarity condition ∂f ∂m = 0 =⇒ m = tanh(βm),
which corresponds to the usual mean field equation for the magnetization. We also know that in the thermodynamic limit the system will thermalize inside one of the two states and remain there forever, so the presence of states induces an hard ergodicity breaking [1] . Thus, we can see that in this very simple case everything is known: we know what the number of states is (two), we have an order parameter that allows us to tell apart one from the other, and most importantly, it is very easy to study ergodicity breaking: all that we have to do is apply an external magnetic field h, which couples to the magnetization m. Using the free energy, we then compute the magnetization as a function of the temperature T and the magnetic field h. If we then send h to zero, and obtain a nonzero magnetization, this will unambiguously mean that the two states have appeared and that ergodicity breaking has occurred; if this is not the case, then it will mean that the system is still in the ergodic phase. This strategy is also viable for numerical simulations: we can use a field to project the system in one of the two states, lower the temperature below T c , remove the field, and then compute the equilibrium order parameter from the simulation itself. If it happens to be nonzero, we will immediately know that ergodicity has been broken. Now, let us move to a more complicated situation. We suppose to have a system wherein the magnetization is not homogeneous in space, but instead is lattice-site (or space) dependent m i = σ i , moreso, we complicate the problem even more by assuming that this spatial dependence is not "regular" in space, that is, it cannot be described by a "simple" function of the position 1 . We thus have a disordered magnetization. Now, the free energy will be a function of all those magnetizations f ({m i } N i=1 ) 2 , and the stationarity condition will thus be given by N different equations, ∂f ∂m i = 0 (i = 1, . . . , N ).
Models which exhibit this phenomenology can be constructed in a variety of ways. In spin models, one usually induces disorder artificially by assuming that the couplings between spins are quenched random variables with a certain probability distribution [1] , while in the case of structural glasses the disorder is self-induced by the system itself; however, this does not make any difference for what concerns us; indeed, all that we are going to say about spin models can be carried over to structural glasses without difficulty, as we are going to see.
It is now easy to notice that this complication has completely disrupted the whole nice theoretical framework that we could rely on for the Curie-Weiss model: unless we are able to solve all the N equations for the magnetizations (with N going to infinity, nonetheless), we cannot use the magnetizations to label states anymore, since, without a solution, we don't know which "vector" of magnetizations m α ≡ ({m i } N i=1 ) α identifies each state. Besides this, it is obvious that in this case we will have a large number of solutions instead of the just two that we had before: if all magnetizations are forced to be equal, the number of solutions is small and it can be determined easily just by looking at the symmetries of the Hamiltonian. In the disordered case, we have no symmetries and all magnetizations can be different, so it is quite obvious that the number of solutions (that is, of states) is going to be very large, as it is obvious that the number of states cannot be computed from the equations (4), as well 3 . Indeed, the situation is even worse since not only there are many states, but there are even many for each value of the state free energy, that is, for each value of the free energy f at the minimum linked to the state. So the states are not only many, but they can also be degenerate. Another important setback is the fact that now we have lost the magnetic field h as a crucial tool for selecting states. Of course, for each state m α there will be a disordered field h α that projects the system onto it. But since we don't know what m α is, we don't know h α either. Thus, we have lost the order parameter as a label for the states, we are unable to know how many states we have, and our strategy for the study of ergodicity breaking is now unusable.
B. The basic idea
This is where the replica method comes in. Suppose that we have a generic system (it can be a spin model, or a liquid, or whatever) which has the disordered properties that we just enumerated: lack of a simple order parameter and presence of many equivalent states 4 . Now, as the name of the method suggests, we replicate the system; that is, we consider a system made up of n (noninteracting, for now) copies of the original one. Now, we consider the free energy Φ of this replicated system, as a function of n and of some kind of parameter d 0 which measures the "distance" between different replicas,
Phase space in presence of only one ergodic state. Each replica corresponds to a black dot in the phase space Γ of the original (nonreplicated) system. The gray blob corresponds to the only state.
The definition of this distance will depend on the particular problem in study; for spin systems, it is called overlap (q) and is defined as
where a and b are two different replicas; the overlap measures the average degree of correlation between the configurations of the two replicas, so it is actually a codistance: the higher, the nearer. For glass forming liquids, wherein the degrees of freedom are positions and momenta of the particles, the distance is the cage radius A, which is a real distance, in real space, between particles that belong to different replicas. We will return to this definition in the following. Now, as a start, suppose that we are in the simplest possible situation: perfect ergodicity, one state only. This situation is sketched in figure 2 . We randomly throw replicas in the phase space according to the Boltzmann-Gibbs distribution, but since there is only one state, the distance d 0 between any two of the replicas is always equal and does not depend on the particular pair that we selected: all replicas are perfectly equivalent and we can permute them as we please. We are then in a replica symmetric (RS) scenario.
Let us now complicate the situation: we assume that there are different states, each corresponding to a blob of configurations in the phase space of the original system; this situation in sketched in figure 3 . We can now see that the picture has changed: the replicas group inside states according to the Boltzmann-Gibbs distribution 5 , in such a way that m of them are inside each state; it is then clear that replicas are no longer equivalent: the distance between replicas belonging to different states (d 0 ) will be different from the distance between replicas belonging to the same state (let's call it d 1 ), and it is not true anymore that we can operate a permutation of the replicas as we please. The symmetry between replicas (that is, symmetry under permutation of the replicas) has been broken: we are then in a one-step replica symmetry breaking (1RSB) scenario. It is important to understand that this replica symmetry breaking plays exactly the same role as the breaking of the symmetry under spin reversal in the Curie-Weiss model. In both cases, the Hamiltonian is invariant under a certain symmetry, but we find out that the equilibrium state of the system is not. Indeed, many equilibrium states form, all linked by the symmetry and all equivalent, in the sense that despite being physically different, they all have the same free energy (the free energy for the replicated system is invariant under permutation of the replicas, in any case). In both cases, the symmetry breaking signals us the birth of states. This symmetry breaking can be iterated: for example, I can have states inside clusters of states, corresponding to a 2-RSB situation; then I can iterate again, getting states inside clusters of states inside metaclusters, and so on, getting a k-RSB structure. The process can go on indefinitely (and in fact, for the SK model and mean-field hard sphere glasses, it does! [3, 13] ).
In the 1RSB case, the free energy of the replicated system will depend on d 1 and m as well on the other parameters of the RS case:
To investigate ergodicity breaking, all that we have to do is compute the values of d 0 and d 1 from the free energy of the replicated system (usually from an optimum condition) and check if there are any non-trivial (that is, different from d 0 ) solutions for d 1 : when this happens, it will mean that states have formed and ergodicity breaking has occurred: this is the prescription for the study of the dynamical transition in the 1RSB replica method. We must stress the fact that the structure of states cannot be determined a priori and so one must take a guess (an ansatz ) as to which it might be. For the p-spin spherical model (PSM), for example, it is possible to check a posteriori that the 1RSB solution is exact [1] , but this is not the case both for the p-spin with discrete spins (at least for low enough temperature) and the SK model (that is, the 2-spin with discrete spins). In the case of structural glasses, RFOT surmises that the structure of states is indeed 1RSB, basing this assumption on the analogy of their dynamics to the one of the PSM [6] , although recently this view has been proven wrong, at least for hard spheres at high enough densities 6 [3, 7] . However, the 1RSB ansatz is all that is needed for the study of low density regime and the dynamical transition.
C. Complexity and internal entropy
The replica method has provided us with a way to investigate ergodicity breaking (i.e. the dynamical transition, for 1RSB systems), but we still need a way to compute the number of states; luckily, the replica method allows us to do that. Let us focus on only one of the states from before: we take m replicas (we replicate the system m times) and we force them all to be in the same state, for example with a small attractive coupling that forces them to me near each other (near in the phase space of the nonreplicated model, that is).
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We now compute the replicated entropy 7 for the system. The partition function is:
where s α is the intensive entropy of state α, and for each replica, we have written the partition function by partitioning the phase space into states. Now, since all replicas are in the same state because of the coupling, we have that
We can then rewrite the sum as an integral using delta functions:
and then we define the complexity Σ(s, ϕ) in the following way 8 ,
i.e, it is the number of states which have entropy s, divided by the number of particles N . This way, the integral takes the form
Now, since we are interested in the thermodynamic limit, we can evaluate the integral using the saddle-point method:
and thus for the replicated entropy we have
where s * (m, ϕ) is given by the stationarity condition dS ds s=s * = 0.
As we can see, we now have an expression for the entropy of the replicated system in terms of the complexity and vibrational entropy of the states. It is now very easy to check that
indeed, since s * yields the stationarity condition (9), we don't need to account for the derivative ∂S ∂s ds dm because it is always zero. Once s * (m, ϕ) and Σ(m, ϕ) are known, we can then reconstruct easily Σ(s, ϕ) from their parametric plots as functions of m. So, once we know the entropy of the replicated system, we can compute the complexity ad internal entropy of the states just by using the recipes above. The replica method has managed to solve (almost) all of the problems that the disorder had created. This set of tools can be easily translated to the case where the free energy is used as a thermodynamic potential [17] . Now, our problem has shifted to computing the properties (that is, the thermodynamic potential) of a replicated glass-forming liquid. Before proceeding with this task, it is appropriate to review briefly the fundamentals of liquid theory. 7 We use the entropy instead of the free energy since in the following we are going to focus on hard spheres, where temperature is irrelevant and the entropy is normally used as a thermodynamic potential. This happens because an hard-sphere system, once the kinetic (ideal gas) part of the hamiltonian has been discarded, does not have any energy levels (only forbidden configurations due to the hard-core constraint) and so the canonical ensemble is equivalent to the micro-canonical one, thus making the entropy the suitable thermodynamic potential for hard spheres. 8 ϕ is the packing fraction, i.e., the fraction of volume occupied by the spheres: ϕ ≡ brational ͑or internal͒ entropy s, defined as the entropy of the system constrained to be in this state without relaxing toward different states. The derivative of the internal entropy with respect to density is the pressure of the states, which is plotted schematically in Fig. 4 . Taking a constant slice of the phase diagram in Fig. 4 , one will meet different states, depending on the pressure ͑or equivalently on the entropy͒. The number of states of entropy s at a given density is by definition N͑s͒ = exp ͓N⌺͑s , ͔͒.
The ideal glass transition
The complexity ⌺͑s , ͒ ͑sketched in Fig. 5͒ is a concave function of s; it is reasonable to assume ⌺͑s , ͒ to be a decreasing function of s because at fixed density, states of higher entropy correspond to more compact structures ͑in order to have more free volume͒ and should be more rare. Moreover ⌺͑s , ͒ should continuously vanish at some value s max ͑͒ corresponding to the entropy of the best amorphous structures at this density. 15 The partition function of hard spheres at density is just the total number of allowed configurations at that density. In the thermodynamic limit, each relevant configuration belongs only to one state and exp͑Ns ␣ ͒ is the number of configurations belonging to the state ␣. Therefore one can write the partition function Z in the following way:
where in the last line we performed a saddle-point ap- 15 As discussed one can construct denser structures by allowing a small amount of local order: we are assuming to be able to avoid this in some well-defined way, which will be discussed in the following. 
II. A GLIMPSE OF LIQUID THEORY
For our purposes, a liquid 9 will be a system of particles with an hamiltonian
where V (x) is a suitable interaction potential; there are several possible choices for this potential, depending on the phenomenon of interest. For what concerns glassy behavior, the hard-sphere (HS) potential is the simplest choice. It is defined in the following way,
where D is the diameter of the particles. As we anticipated, with this choice the liquid has no potential energy levels: the potential energy is always zero for all configurations without overlaps between particles, while the configurations with at least two overlapping spheres have infinite energy and thus have zero probability, according to the BoltzmannGibbs distribution.
The canonical distribution for the HS liquid is defined as usual,
where Z is the partition function
The 1 N ! factor is needed to ensure the correct counting of microscopic states: since particles are indistinguishable, all configurations that are linked by an arbitrary permutation of particle labels must be counted only once; without this caution, we would get paradoxical results in the form of a nonextensive entropy 10 . The partition function can be written as
where Λ is the De Broglie thermal wavelength and Z N is the configuration integral
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A. Particle densities and distribution functions
Fundamental objects in liquid theory are the particle densities and the corresponding distribution functions. The equilibrium n-particle density is defined as
This quantity gives the average number of n-tuples of particles which have spatial coordinates in the n-dimensional volume element d n x, irrespective of the coordinates of the other particles and of all momenta. Indeed, it is immediate to see that if we integrate over the volume, we get the total number of n-tuples in the system,
and of course for n = 1 we get
The function ρ(x) is the local density, or density profile of the liquid; because of translational invariance, it is always constant in the liquid phase, and because of the normalization condition, we have that
where V is the volume. So the density profile for a liquid is equal to the number density, unless the liquid lies in some external, non-homogeneous field. We now introduce an useful representation for particle densities. Let us compute the ensemble average of the function
we have
It is now evident that, if we used x 2 instead of x 1 , or any other particle, the result would not be different since all particles are equivalent. So, if we sum over all particles, we get
which is exactly the ρ(x). This way, we can see that the density profile indeed corresponds to the ensemble average of the microscopic particle density. It is easy to generalize this representation to the higher-order particle densities. For example, the pair density ρ(x, y) can be written as
The n-particle distribution function is defined in terms of the corresponding n-particle density in the following way:
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The full hierarchy of n-particle distribution functions encodes the structure of the liquid and particle correlations, and knowing it is equivalent to completely solving the statics of the liquid. However, in practice and for most cases, one can see that all of the static quantities of interest (internal energy, pressure, equation of state, etc...) can be computed from knowledge of the pair distribution function only:
If the fluid is isotropic, then the g(x − y) is a function of the particle separation only, g(r = |x − y|), ad is called the radial distribution function. Pretty much all approximations in liquid theory, starting from the classic ones, Hyper-Netted Chain (HNC) and Percus-Yevick (PY), focus on the computation of the radial distribution g(r) [5] .
B. Internal energy and pressure
As an example, we now sketch rapidly how it is possible to compute internal energy and pressure of the liquid from the g(r). We start from the basic definition for the internal energy
the average of the kinetic term is trivial and gives the ideal gas internal energy
while the average of the potential term reduces to
with the definition
Because of the symmetry of the problem under permutation of particle labels, each term of the sum has the same value, so we can write
and then, using definitions (14) and (17), we get
then, for homogenous, isotropic fluids, where the g depends only on the separation x 1 − x 2 , we can change coordinates defining x ≡ x 1 − x 2 and integrate over x 2 (which gives a factor V at the numerator), and we get
which shows us that knowledge of the radial distribution function alone is enough to compute the excess internal energy per particle of the liquid.
To compute the pressure, one starts from Clausius' virial function, defined as
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The force contained in the virial function can be separated in two parts: an internal part exerted by other particles, and thus linked to the potential energy, and external part which is exerted by the walls of the container, and is thus linked to the pressure. The force dF exerted by a surface element dS of the container wall is by definition equal to −P ndS (where n is the unit vector orthogonal to the surface element), so the average of the external part of the virial can be written as
where we have used the divergence theorem. Then, using the virial theorem
one can get the virial equation
Now, the sum between brackets can be rewritten as
then we can use Newton's third law and get
where with V (r) we denote the derivative of the interaction potential V (r) with respect to r. Now, we can compute the average of this function following the same exact steps as we did for the excess free energy, and in the end we get
This allows us, once the g(r) is known, to compute the pressure of the liquid, and from it, the equation of state. These two examples illustrate well why the g(r) is, in many situations, the central object in liquid theory, more than the partition function or the thermodynamic potential. In the case of hard spheres, equation (21) cannot be applied as it is since the interaction potential is actually discontinuous. However, we can circumvent this difficulty by defining another function, the cavity distribution function
we can then plug this definition in the (21), getting
where we have defined e(r) ≡ e −βV (r) ;
for the hard sphere potential, as it is immediate to check, this function corresponds to an Heaviside theta,
and thus we have
and so, in the end, we get
Thus, for HS the pressure is proportional to the value of the pair distribution function at contact. This makes so that the radial distribution function for an HS liquid is a central tool in the study of the jamming transition [3, 14] , whose main signature is indeed the divergence of the pressure.
C. Diagrammatic methods
We conclude this section with a very brief account of the commonly used methods for the computation of the static properties of a liquid. Usually, the partition function (12) cannot be computed exactly for all but the simplest hamiltonians, thus making necessary the use of approximate methods. Apart from the classic approximations of liquid theory (HNC and PY) which are devised to compute the g(r) as a solution of certain integral equations, another fruitful method relies on diagrammatic expansions 12 for the thermodynamic potential of interest (Ω in the case of the grancanonical ensemble, F in the case of the canonical ensemble). Once the thermodynamic potentials are known, the distribution functions can be recovered as their functional derivatives with respect to either the local activity (for the grancanonical ensemble) or the local density profile (for the canonical one).
As an example, we provide the diagrammatic expansion for the Landau potential Ω, as a functional of the local activity z * (x)
where for generality we assume that the liquid lies some external field φ(x). The Landau potential can then be expressed diagrammatically as 
where f (x − y) is the Mayer function,
As an example, in figure 5 we show the first diagrams for the Ω. To compute one diagram, one must assign a
We 
The disconnected diagrams in (3.8.2) can be eliminated by taking the logarithm of Ξ a applying Lemma 1. This yields an expansion of the grand potential in the form −βΩ = [all connected diagrams consisting of black z * -circles and f -bonds]
Since there is no need to consider disconnected diagrams again, the requirement that d grams must be connected will from now on be omitted. label variable to each vertex and then evaluate the corresponding integral. The result has then to be divided by the symmetry factor S of the diagram, that is, the number of relabeling of the vertices that leave the connections unaltered. For example, the integral corresponding to the third diagram in figure 5 is
and the symmetry factor is equal to 2: I can exchange vertex 1 with vertex 3, but I cannot exchange, say, 2 with 3, because 2 has remain connected to 1. From the diagrammatic expression of Ω[z * (x)], one can obtain, with suitable diagrammatic operations (see [5] for details), an analogous expression for F [ρ(x)], which reads:
[Sum of all irreducible diagrams with ρ-vertices and f -bonds,]
12 Indeed, the HNC approximation itself can be derived and (somehow) justified diagrammatically.
where for "irreducible" diagram we mean a diagram free of articulation vertices, i.e., vertices whose removal makes the diagram disconnected ( figure 7) . The first diagrams are in figure 6 . The passage from Ω to F is equivalent to taking a functional Legendre transform of Ω with respect to the "variable" z * (x) conjugated to ρ(x).
function given by (3. 
where f 0 (1, 2) is the Mayer function of the reference system and
Since the perturbation is weak, the exponential term in (5.5.5) can be expanded to give
The form of (5.5.7) suggests the introduction of two different types of bond: short-range f 0 -bonds and long-range Ψ -bonds. The presence of two types of bond transforms the simple diagrams in (5.5.4) into composite diagrams in which two circles are linked by at most one f 0 -bond but an arbitrary number of Ψ -bonds. We recall from Section 3.7 that if two circles in a diagram are linked by n bonds of a given species, the symmetry number of the diagram is increased, and its value decreased, by a factor n!; this takes care of the factors 1/n! in (5.5.7). The complete expansion of a in terms of composite diagrams is As we said before, the distribution functions (and the particle densities, by extension) can be expressed in terms of functional derivatives of the thermodynamic potentials. For example, for the n−particle density we have
Thus, one can obtain similar diagrammatic expansions for the particle densities by functional differentiation of the expression (24) for Ω.
STATIC PROPERTIES OF LIQUIDS: THERMODYNAMICS AND STRUCTURE
At each order in z * beyond the second, many of the diagrams in the series (3.8.3) contain articulation circles; those contributing at third and fourth orders are shown below, with the articulation circles marked by arrows:
If the system were translationally invariant, the articulation circles could be chosen as the origin of coordinates in the corresponding integrals. The integrals would then factorise as products of integrals that already appear at lower order in the expansion. While this is not possible in the general case, diagrams that contain articulation circles can be eliminated by switching from an activity to a density expansion. This requires, as an intermediate step, the activity expansion of ρ (1) (r). The single-particle density at a point r is the functional derivative of the grand potential with respect to either ψ(r) or, equivalently, ln z * (r). From (3.3.10) and Lemma 2 it follows that The diagrams in (3.8.4) fall into two classes: those in which the articulation circle is a white circle and those in which it is not and are therefore star-irreducible. The first of these classes is just the set of all diagrams that can be expressed as star products of diagrams in the second class. Use of Lemma 1 therefore eliminates the diagrams with white articulation circles to give an expansion of ln[ρ (1) (r)/z * (r)] which, from (3.5. 
III. HOW IS A GLASS SIMILAR TO THE DISORDERED FERROMAGNET?
Let us take a step backwards. In the preceding section, we mentioned the fact that in the liquid phase the density profile is a constant in space, equal to the number density ρ(x) = ρ, exactly like the magnetization in the Curie-Weiss model we mentioned in the first section. In this sense, a liquid can be seen as a sort of "paramagnet". But what does happen when the liquid becomes a glass? What happens is that the density profile is not constant anymore, but instead, because of the amorphous structure of the glass, density fluctuations are now allowed and so ρ(x) becomes a function of the position, exactly like the magnetization in the disordered ferromagnet. Indeed, the analogy can be pushed further as the density profile con be seen as a solution of a minimum condition on the free energy functional
exactly like the m i was. Besides this, the function ρ(x), since it describes an amorphous solid, cannot have a somehow "simple", ordered structure like it would in the case of a crystalline solid, wherein the density field would be a periodic function of the position,
So, we have that, from this point of view, the glass is analogous to the disordered ferromagnet, and the crystalline solid to the antiferromagnet. Once the proper conceptual links are made, we find ourselves in the exact same situation as before. Thus, in order to study the glass state, we should construct the energy functional F , then find all possible non-constant and non-periodic solutions of the (26) and count them in order to compute the total number of amorphous structures (i.e., of states 14 ). Even more than in the case of the disorder ferromagnet, it is evident that this strategy is basically a lost cause. Thus, to solve our problem, we turn, finally, to replicas.
IV. THE REPLICATED HS LIQUID
We now tackle the problem that we enunciated at the end of section I, i.e. computing the static properties of an HS liquid made up of m weakly coupled replicas. We start from the model hamiltonian
where we have discarded the kinetic part, as it gives the trivial, ideal-gas part of the thermodynamic functions. For convenience reasons, we have chosen the inter-replica potential to be harmonic, governed by a small coupling constant . We must stress the fact that, despite the fact that we started from replica formalism, which in the context of liquid theory can look somewhat exotic, the hamiltonian (27) has nothing special: it is just the Hamiltonian for a molecular liquid, where each molecule is formed by particles belonging to different replicas, interacting via a perfectly harmonic potential; in the context of liquid theory, it is a pretty standard and straightforward problem. We now want to compute the entropy of this molecular liquid. We start from the grancanonical partition function Z m ( ) for the model:
where we have defined the function
We can then define a sort of "molecular position" x ≡ (x 1 , x 2 , . . . x m ), which allows us to rewrite the partition function in very compact form
with the definitions
We then define the thermodynamic potential for the replicated HS liquid,
where ϕ is the packing fraction again. Now, let us compute this quantity 15 :
We have that
Thus, the derivative of S with respect to is a quantity which measures the average distance between particles belonging to (any, as replicas are all equivalent and can be permuted at will) two different replicas: it is exactly the "distance" we were looking for! The quantity is called the cage radius and is denoted as A.
We can again appreciate the remarkable analogy with the magnetic system: just as the magnetization is equal to the derivative of the free energy with respect to the magnetic field h, the cage radius is proportional the derivative of the potential S with respect to the coupling , which is the external "field" that constrains the replicas to be in the same state. Just as the appearance of a spontaneous magnetization at zero magnetic field was the signature of the ferromagnetic transition, now the appearance of a finite A for zero coupling will signal the fact that states have appeared, as anticipated in section I. At this point, it really looks like we are holding all the cards: computing the S is now a standard liquid theory problem. Since the partition function (28) is written in the usual form for a liquid in the grancanonical ensemble (just with the molecular position in the place of the standard one), one could in principle compute it using, for example, the perturbative expansion (24), having the caution to replace all the objects (activity, mayer function) with their molecular counterparts defined above. Once this has been done, we can study the behavior of A at zero coupling, as a function of ϕ, and draw the phase diagram for the model. The complexity and free energy can then be computed easily from the S using the prescriptions (11) and (10) .
However, in practice (and again, exactly as it is done for magnetic systems) it is more convenient to Legendretransform S(m, ϕ, ) with respect to , switching to a potential S(m, ϕ, A) which is an explicit function of A in the same way as one passes from the Helmholtz free energy F (β, h) to the Gibbs free energy G(β, m) for a magnetic system. In order to do this, it is more convenient to switch to the canonical formalism from the very start (that is, use expansion (25)), rather than compute S perturbatively in the grancanonical formalism and then Legendre-transform to the canonical one. Once S(m, ϕ, A) is known, one can then compute A from a minimum condition. This however presents us with a problem: what is the "molecular" density profile ρ(x), which we need to know in order to compute the diagrams in expansion (25)? In the canonical formalism, the field ρ(x) is not given and is assumed to be known, in the exact same way in which the number of particles N is an independent variable in the canonical ensemble, while it is not in the grancanonical one. Thus, it becomes necessary to impose a certain form of the molecular density field, which must contain A as a parameter of sorts. Let us look closely at the definition of ρ(x):
We can thus notice that the molecular density field is really a sort of m-particle density, which is related to the probability of finding the m replicas of particle i (remember that only replicated particles with the same label i interact via the harmonic potential) at positions x a , x b , . . . , x m . Thus, it is the function which really describes the actual, physical shape of a molecule in the replicated liquid.
Knowing this, the simplest ansatz that we can make for the ρ(x) is the following
where γ A denotes a normalized gaussian with variance A. As we can see, this ansatz corresponds to assuming that the displacements between particles in the molecule follow a gaussian law with variance A. For this reason it is commonly called the gaussian ansatz.
Once we have this form for the molecular density profile, we just have to plug it in the diagrammatic expansion (25) to compute the S(m, ϕ, A) 17 ; then we can use the minimum condition (26) and extremize the functional F inside the gaussian ansatz to get an equation for A dS dA = 0, and search for any nontrivial solutions for this equation. It looks easy on paper. Sadly, it is not. Computing the diagrams of the (25) with the gaussian ansatz is indeed very complicated even at the second order, and even in that case it is not possible to have an analytic expression for every number of spatial dimensions, as we are going to see. There are three possible ways out. The first is the small cage approximation, in which the replicated liquid is replaced by an ordinary, atomic one with effective interaction potentials that can be computed, in powers of √ A, from the diagrams that appear in the (25). Therefore, for A sufficiently small, one can hope to get acceptable results by considering a small number of interaction potentials (in fact, only the first one) [14] . It is a very cumbersome method, but for the moment is the only one that can be applied to the "realistic" model, i.e. the one defined by the hamiltonian (27) in three dimensions. The second is to consider a liquid embedded in a space with an infinite number of spatial dimensions. In this case, it is possible to prove that the perturbative series (25) reduces to the first two terms only, i.e. the ideal gas term and the first interaction term (see [4] for details). One can then extract the asymptotic results for high d. This method actually makes possible to compute things exactly, and it has been applied with remarkable success in the series of papers [3, 7, 8] . However, it has a big drawback in the fact that particle systems with an high number of spatial dimensions are hard to simulate numerically. The third way, which is the one we are going to follow, is to switch from the usual HS model to a modified, mean-field model, for which the perturbative series (25) reduces to the first two terms only without the need to go to infinite d. In the next section we will introduce and study briefly such a model.
V. EXPLICIT COMPUTATIONS: THE MARI-KURCHAN (MK) MODEL
The Mari Kurchan model, introduced in [10] , is defined by the hamiltonian
where V is a suitable interaction potential (which in our case will be the HS one). The A ij are "random shifts", i.e. quenched, random d-dimensional vectors identically, independently and uniformly distributed in the d-dimensional cube:
we also impose that A ij = A ji , for convenience reasons. 17 The prescription is S[ρ(
This model can be seen as "mean field" in multiple ways. First, we can notice that the model is devoid of any space structure: despite the fact that every particle interacts, given a certain realization of the As, with a finite number of "neighbors" (so the model is not "fully connected" in the usual sense), those neighbors can be anywhere in the sample, since the shifts are uniformly distributed in the whole cube. From this point of view, the model is "mean field" because the physical space the model is embedded in plays no role on the interactions. A less intuitive, but more profound line of reasoning stems from considering the probability of having three particles, say i, j and k, interact with each other at the same time, i.e., each of them interacts with both the other two at the same time. For this to happen, we should have, for the HS potential,
which would imply
which is very unlikely (and, in the thermodynamic limit, outright impossible), since the shift are O(L)
18 . So, in this model, effectively, three body interactions are forbidden: if i interacts with j, and i interacts also with k, then k and j do not interact with each other. Thus, we can immediately notice that this model is mean-field in the sense that the network of interactions is tree-like, i.e., there are no loops. Indeed, another possible mean field model for the glass state, the Mari-Kurchan-Krzakala model [9] , embraces this philosophy explicitly by imposing a tree-like interaction network from the very start:
where G ij is the adjacency matrix of the underlying tree graph. Besides this, the disappearance of loops is also the mechanism that gives high-d fluids their mean field nature. In that case, three-body interactions are made improbable (impossible for d → ∞) by the high dimensionality itself.
A. Partition function and entropy functional
The canonical partition function for the model is
Notice the absence of the factor 1 N ! , as particles in this model are not truly indistinguishable. As usual, we want to compute the entropy of the liquid S(ϕ) = log Z(A).
In the liquid phase, the average over the shifts can be treated at an annealed level, thus giving
This way, our problem reduces to the computation of the annealed partition function
18 L is the side of the cube.
where
We can see that the integral corresponds to the volume of a sphere of radius D at position x − y, so that
In order to compute the entropy S, we now turn to expansion (25). As we anticipated, of the diagrams that are in the (25) only the first one survives, plus the ideal gas term. So the entropy would be (notice the extra (N log N − N ) log N ! factor, due to the non-indistinguishability of the particles)
To prove this, one can use diagrammatic theory by starting from the grancanonical expansion in (24), which is actually the way it is done in [10] . Here we will show it in a more straightforward manner, using the saddle point method.
We start from the partition function (35)
let us define the density field
We now introduce a factor 1 in the partition function in the form of the field integral
and we get
Let us focus on the first line, i.e., on the entropic term. As usual we can express the delta function as a functional Fourier integral. We get
We can now put it all together, getting
where the field action G is
Now, noticing that the Mayer function
goes to zero in the thermodynamic limit, we can expand the logarithm, getting
To evaluate the functional integral in the thermodynamic limit, we can use the saddle point method with respect to the fields ρ andρ. The saddle point equations read
We can eliminateρ using the first one, and in the end we get
which is equal to the (37). The density profile ρ(x) must in turn satisfy the equation log ρ(x) = dyρ(y)f (x − y), which can be derived by functional differentiation of the Z(A) or by elimination ofρ(x) in the second of the saddle point equations. This integral equation corresponds to the minimization condition (26) for the equilibrium density profile.
B. Replica formalism
We now wish to apply replica formalism to the study of the dynamical glass transition in the MK model. We remind that our aim is to compute the entropy S(m, ϕ, A) of m coupled replicas of the model, and then look for any non-trivial solutions of the equation
In the glass phase, the average over the couplings must be done at a quenched level, i.e.
S(m, ϕ, ) = log Z m , which is pretty hard to compute. We circumvent this difficulty using the replica trick
that is, we consider n uncoupled replicas of the system of m weakly coupled replicas (nm replicas in total). Thus, the annealed partition function would be
where with m c we denote the c-th (of n total) block of m replicas. As we can see, the nm replicas are grouped in blocks of m each, and interact only within the same block via the harmonic potential.
As we anticipated, we now switch to the density-functional form of the entropy. For the nm-replicated system we have
where we have defined
To obtain this form of the entropy, one starts from the partition function for the nm replicated system and then generalizes simply the steps done in the preceding section. Now, we must generalize the ansatz (32) to the case of nm replicas coupled in blocks of m. This is indeed remarkably easy: as replicas are coupled only within blocks, then the ansatz for ρ(x) will just be a product of n gaussian forms like the (32),
and more precisely
Now, to compute the entropy, we must plug this form of the density field into the (44), compute it as a function of n, and then take the limit n → 0,
The calculations are quite cumbersome, but in the end it can be shown that, once the n → 0 limit has been taken, the result for S is
and ρ(x) is given by the (32). Thus we have discovered that, apart from the N log N − N additive factor, the entropy for the replicated MK model corresponds to the first two terms of expansion (25) for the replicated ordinary HS liquid: the advantage is that for the HS liquid this would be a (very crude at best) approximation, while for the MK model it is exact.
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C. The dynamical transition and the phase diagram
We now compute, finally, expression (48) using the ansatz (32). Let us start from the ideal-gas term
We can rewrite the integral in the second line as
which can be evaluated easily, giving
Thus, the total ideal-gas entropy per particle, taking into account the (N log N − N ) additive factor 20 , is
We now turn to the interaction term
First, we rewrite the Mayer function in the following way
and the integral (51) becomes
The second integral can be computed trivially and the result is
We now focus on the first one, which is (unsurprisingly) the most difficult. Indeed, it represents the "correction" to the interaction term which is due to the presence of the replicas.
We define the function
which would be the first effective interaction potential of the small-cage expansion [14] . This definition allows us to write the first line of the (52) as
We now need to compute Q(x). First, we notice that because of the fact that the γ A are normalized, we can rewrite the (53) as
which prompts us to define another function
The last step was accomplished by changing coordinates from (ξ, η) to (ξ + η, ξ − η) and then evaluating the Gaussian integral on ξ + η. Now, for the Q we have
which can be manipulated in the same way as the q A , getting
Plugging this in the G m (A), we then have
At this point, we can rewrite the whole entropy
Now, we take its derivative with respect to A and equate it to zero:
which gives the equation
Since we are interested in the dynamical transition for the real, non-replicated liquid, we must send m to one (one replica only). Taking (with some caution) the limit of the F m (A) for m → 1, we get
So, all that is left is computing the function F 1 (A), which is defined in terms of q A (r).
We remind the definition of q A (r):
We observe that q A is the convolution in d dimensions of a gaussian with a theta-like function. This would prompt us to compute it by fourier-transforming the two functions, but this procedure would lead to problems: since the cage radius A is small, then the γ 2A has a small variance, which implies that its fourier transform will be long-ranged. The same would apply to χ as its range is equal to the sphere diameter, which is more or less of the same order of magnitude as A. Thus, rather than fourier-transforming back the product of two long-ranged functions, it is more convenient to evaluate the convolution by using d-dimensional bipolar coordinates, as it is done in [14] . This allows us to write q A (r) as a one-dimensional integral where d appears as a parameter. As the calculations are quite long and tedious, we skip directly to the final result
where I i (x) is i-th order modified Bessel function of the first kind. This integral can be evaluated explicitly only under certain conditions, depending on the value of d. More precisely, if d is odd, the function I (d−2)/2 has an analytic expression in terms of hyperbolic functions and polynomials, and the q A (r) can be computed analytically, although the resulting expression becomes more and more cumbersome with higher d. For d = 3 for example, q A (r) takes the form
In the limit of high dimension d → ∞, which is the mean-field limit for an ordinary HS liquid, one can extract the asymptotics by using the saddle point method on the integral representation of Bessel functions. In this case, the correct scaling form for A can be found to be
so everything must be expressed as a function of the scaling variableÂ; for further details see [8, 14] . For d even, unfortunately, the Bessel function does not have an analytic expression and the q A (r) must then be computed numerically. Once q A (r) is known, one must compute the (60). In this case the integral must be always evaluated numerically, so at the moment we don't have an analytic expression for F 1 (A); this is also why the even d case is hard to study, since one must then perform a numerical integration using the result of a numerical integration as an input. Nevertheless, F 1 (A) can be computed easily in dimension 3 using Mathematica (we fix D = 1), and its plot is shown in the left panel of figure 8 . We recall the equation for the cage radius As we can see, for low ϕ the equation has no solution, since F 1 (A) is bounded. As soon as the constant on the left side touches the maximum of F 1 (A), two nontrivial solutions for A appear, of which the physical one is the one which decreases with increasing ϕ. The plot of A vs. ϕ is shown in the right panel figure 8 .
The dynamical transition density ϕ d can be computed as
ad we get
which is a reasonable value. In addition, using the generic F m (A), we can compute ϕ d as a function of m and thus draw the dynamical transition line in the (ϕ, m) plane. We show the (ϕ, m) phase diagram from the model in figure  9 .
VI. CONCLUSIONS AND PERSPECTIVES
We presented here a brief review of the replica method in its application to the structural glass transition problem. We started from an intuitive picture of how the method works, and from there we have gone all the way to the computation of the phase diagram for an exemplary model. Of course, there are much more results that can be obtained using replica theory. Indeed, the phenomenology of the MK model is extremely rich, despite its simplicity, and shows a number of non-trivial features such as non-perfect caging of particles due to hopping, and violation of the Stokes-Einstein relation for viscosity and diffusion [2] . In addition to this, the presence of the random shifts makes possible the use of a procedure, the planting method, which allows us to obtain equilibrated configurations for densities deep in the glass phase. This means that we can circumvent the problem of the extremely large equilibration times needed to thermalize a glass former near the glass transition, opening the door to extensive numerical studies of the high density, glassy regime [11] ; in particular, we can simulate the actual process of glass formation by a slow annealing to a planting temperature T g < T d , where the glass forms, and then model the behavior of the so obtained glass as it is heated or cooled via rapid temperature variations. This process is the one that is actually used to make glasses in the real world and so the study of this regime is extremely important for all practical and experimental purposes.
Since in this regime the glass former is trapped inside a single metastable state, the theoretical focus must shift to the in-state free entropy s which actually governs the physical properties of the liquid when it is far from equilibration. The replica method can be used in this case as well, along with the isocomplexity assumption, to compute the properties of the glass, as it is shown in [11] , where the comparison to numerics and the link to actual experiments on glass formers is discussed. A more refined formalism, which relies on the Franz-Parisi potential [16] has been applied in [15] to the infinite-dimensional liquid studied in [3, 7, 8] , where the issue of the response of the glass to an external drive has also been addressed. In general, we can say that since the seminal paper [12] , down to the more recent results of the series [3, 7, 8] , the replica method has thoroughly proven its worth for what concerns the study of glass forming systems in the mean-field limit, where metastable glassy states have an infinite lifetime and ergodicity breaking is hard. However, one must not forget that the presence and even the nature of metastable states is still a debated issue (see the conclusions of [17] for details) for all cases in which the system does not remain trapped forever inside them and ergodicity breaking is not hard. Once this happens, the concept of "state" could actually be not meaningful anymore. Unfortunately, this is what actually happens in nature, as the lifetime of metastable states is indeed very long, but finite even below the dynamical transition temperature. Thus, we need to consider realistic, out of mean field models for the RFOT program for the description of the glass transition to reach its goal. The applicability of the replica method in those situations will then be undoubtedly linked to the fate of metastable states once the system is brought out of mean field.
